
 

 

 𝛼 𝛽 𝛾

𝑐𝑜𝑠2𝛼 + 𝑐𝑜𝑠2𝛽 + 𝑐𝑜𝑠𝛾 >
3

4
∶

𝑐𝑜𝑠2𝛼 + 𝑐𝑜𝑠2𝛽 + 𝑐𝑜𝑠𝛾 =
1 + 𝑐𝑜𝑠2𝛼

2
+

1 + 𝑐𝑜𝑠2𝛽

2
+ 𝑐𝑜𝑠 1800 −  𝛼 + 𝛽  =

= 1 +
1

2
 𝑐𝑜𝑠2𝛼 + 𝑐𝑜𝑠2𝛽 − 𝑐𝑜𝑠 𝛼 + 𝛽 = 1 + 𝑐𝑜𝑠 𝛼 + 𝛽 ∙ 𝑐𝑜𝑠 𝛼 − 𝛽 − 𝑐𝑜𝑠 𝛼 + 𝛽 =

= 1 + 𝑐𝑜𝑠 𝛼 + 𝛽 ∙  𝑐𝑜𝑠 𝛼 − 𝛽 − 1 

𝑐𝑜𝑠 𝛼 − 𝛽 > 𝑐𝑜𝑠 𝛼 + 𝛽 ⟹

⟹ 𝑐𝑜𝑠 𝛼 + 𝛽 ∙  1 − 𝑐𝑜𝑠 𝛼 − 𝛽  < 𝑐𝑜𝑠 𝛼 + 𝛽 ∙  1 − 𝑐𝑜𝑠 𝛼 + 𝛽   ⟹

⟹ 𝑐𝑜𝑠 𝛼 + 𝛽 − 𝑐𝑜𝑠2 𝛼 + 𝛽 ≤
1

4
 ⟹

⟹ 4𝑐𝑜𝑠2 𝛼 + 𝛽 − 4𝑐𝑜𝑠 𝛼 + 𝛽 + 1 ≥ 0 ⟺  2𝑐𝑜𝑠 𝛼 + 𝛽 − 1 2 ≥ 0 ∶

 𝑎 > 0, 𝑏 > 0, 𝑐 > 0

𝑎3

𝑏
+

𝑏3

𝑐
+

𝑐3

𝑎
≥ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 ∶

 
 
 
 
 

 
 
 
 𝑎3

𝑏
+

𝑏3

𝑐
+ 𝑏𝑐 ≥ 3 

𝑎3

𝑏
∙
𝑏3

𝑐
∙ 𝑏𝑐

3

= 3𝑎𝑏

𝑏3

𝑐
+

𝑐3

𝑎
+ 𝑐𝑎 ≥ 3 

𝑏3

𝑐
∙
𝑐3

𝑎
∙ 𝑐𝑎

3

= 3𝑏𝑐

𝑐3

𝑎
+

𝑎3

𝑏
+ 𝑎𝑏 ≥ 3 

𝑐3

𝑎
∙
𝑎3

𝑏
∙ 𝑎𝑏

3

= 3𝑐𝑎

           ⟹

⟹ 2  
𝑎3

𝑏
+

𝑏3

𝑐
+

𝑐3

𝑎
 +  𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 ≥ 3 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 ⇒

⇒
𝑎3

𝑏
+

𝑏3

𝑐
+

𝑐3

𝑎
≥  𝑎𝑏 + 𝑏𝑐 + 𝑎𝑐 ∶

𝑎 = 𝑏 = 𝑐 ∶



 

 

 

𝑎0, 𝑎1, ⋯ , 𝑎9

𝑎0 + 𝑎5 = 9,  𝑎1 + 𝑎6 = 9,  𝑎2 + 𝑎7 = 9,  𝑎3 + 𝑎8 = 9, 𝑎4 + 𝑎9 = 9:
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 𝐴𝐵𝐶𝐷 𝐶𝐷 𝑀

𝐴𝑀 𝐹 𝐵𝑀 𝐸

𝐴𝑀

𝐴𝐹
+

𝐵𝑀

𝐵𝐸
= 10 ∶

𝐴𝐵 = 𝐶𝐷 , 𝐴𝑁 = 𝑁𝐷 = 𝑎 ,   𝐴𝑀 = 𝑦 ∶ 𝐴𝐹 = 𝑥

∆𝐴𝐷𝑀 −    y2 = 5a2 − 4a2cos = a2 5 − 4cos  

a2 = xy,    
AM

AF
=

y

x
=

y2

xy

AM

AF
=

y2

xy
=

a2 5 − 4cos  

a2
=  5 − 4cos

∆𝐵𝐶𝑀 −    ⇒  
BM

BE
= 5 + 4cos ⇒  

𝐴𝑀

𝐴𝐹
+

𝐵𝑀

𝐵𝐸
= 10 ∶

 8080

8080 =  6 ∙ 13 + 2 80 ⟹ 280

280 280 = 1620  ⟹

 ⟹  13 + 3 20  ⟹ 320 320 = 815 ⟹

815 =  6 ∙ 13 + 3 5 ⟹ 35 =

 

𝑎 

𝑎 𝑎 

B C 

M 

D A 
N 

E 

F 



 

 

 𝑓:  0; +  → 𝑅

) 𝑓 80 = 80 ,

) 𝑓 𝑥 ∙ 𝑓 𝑦 + 𝑓  
80

𝑥
 ∙ 𝑓  

80

𝑦
 = 160 ∙ 𝑓 𝑥𝑦 ∶

𝑥 = 𝑦 = 1

𝑓2 1 + 𝑓2 80 = 160𝑓 1 

𝑓2 1 + 802 − 160𝑓 1 = 0 ⟹  𝑓 1 = 80

𝑦 = 1

𝑓 𝑥 ∙ 𝑓 80 + 𝑓  
80

𝑥
 ∙ 𝑓 80 = 160 ∙ 𝑓 𝑥 

𝑓 𝑥 ∙ 80 + 𝑓  
80

𝑥
 ∙ 80 = 160 ∙ 𝑓 𝑥 

𝑓  
80

𝑥
 = 𝑓 𝑥 

𝑦 =
80

𝑥

𝑓 𝑥 ∙ 𝑓  
80

𝑥
 + 𝑓  

80

𝑥
 ∙ 𝑓 𝑥 = 160 ∙ 𝑓 80 

2𝑓2 𝑥 = 160 ∙ 80 ⟹  𝑓2 𝑥 = 802:

 ∀𝑎 >  𝑏 > 0   

 𝑎𝑏 <
𝑎 − 𝑏

𝑙𝑛𝑎 − 𝑙𝑛𝑏
<

𝑎 + 𝑏

2
∶

 
𝑎

𝑏
 <

𝑎

𝑏
− 1

𝑙𝑛
𝑎

𝑏

<

𝑎

𝑏
+ 1

2

𝑎

𝑏
= 𝑥

2 𝑥 − 1 

𝑥 + 1
< 𝑙𝑛𝑥 <

𝑥 − 1

 𝑥
,    𝑥 ∈  1, +  



 

 

𝑓 𝑥 =
𝑥−1

 𝑥
− 𝑙𝑛𝑥

𝑓  𝑥 =
𝑥 + 1

2𝑥 𝑥
> 0 ,     𝑥 ∈  1, +  ∶

𝑓 𝑥  1, +  

𝑓 𝑥 > 𝑓 1  ⟹  
𝑥 − 1

 𝑥
− 𝑙𝑛𝑥 > 0: 
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 𝐴 9; −2; 2  , 𝐵 1; 6; 2  𝐶 −7; −2; 2 

𝑀 4;  7 − 2;  5 

𝐴, 𝐵 𝐶 𝑧 = 2  𝑥 − 1 2 +  𝑦 + 2 2 = 64

𝑀 𝑧 = 2

𝑀1 4,  7 − 2 , 3 

 𝑎 𝑏 ∈ 𝑁 𝑎 + 77𝑏  𝑎 + 79𝑏 

 𝑎 + 𝑏 

𝑎 + 77𝑏 = 𝑎 − 2𝑏 + 79𝑏 ⟹   𝑎 − 2𝑏 ⋮ 79 ⟺  39𝑎 − 78𝑏 ⋮ 79 ⟺  39𝑎 + 𝑏 ⋮ 79

 𝑎 + 79𝑏 ⋮ 77 ⟺  𝑎 + 2𝑏 ⋮ 77 ⟺  39𝑎 + 78𝑏 ⋮ 77 ⟺  39𝑎 + 𝑏 ⋮ 77

 77, 79 = 1 ⟹  39𝑎 + 𝑏 ⋮ 79 ∙ 77 ⟹ 39𝑎 + 𝑏 = 79 ∙ 77𝑘       𝑘 ∈ 𝑁



 

 

⟹ 39𝑎 + 39𝑏 = 79 ∙ 77𝑘 + 38𝑏 =  782 − 1 𝑘 + 38𝑏 =  782 − 39 𝑘 + 38 𝑘 + 𝑏 ⟹

⟹  𝑘 + 𝑏 ⋮ 39 ⟹ 𝑏 + 𝑘 ≥ 39 ⟹ 39𝑎 + 39𝑏 ≥  782 − 39 + 38 ∙ 39 ⟹ 𝑎 + 𝑏 ≥ 156 − 1 + 38 = 193

 𝑏 = 38
𝑎 = 155

     .
𝑎 + 77𝑏 = 155 − 2 ∙ 38 + 79 ∙ 38 = 79 ∙ 39
𝑎 + 79𝑏 = 155 + 2 ∙ 38 + 77 ∙ 38 = 77 ∙ 41



 

 

 𝑥 = 0

80 ∙ 𝑓 80 ∙ 𝑥 = 𝑓 𝑥 + 80 ∙ 𝑥 ∶

𝑥 = 0,     𝑛𝑓 0 ⟹ 𝑓 0 = 0

𝑥
𝑥

𝑛

𝑛𝑓 𝑥 = 𝑓  
𝑥

𝑛
 + 𝑥 ⟹ 𝑓 𝑥 =

1

𝑛
𝑓  

𝑥

𝑛
 +

𝑥

𝑛

𝑓  
𝑥

𝑛
 =

1

𝑛
𝑓  

𝑥

𝑛2
 +

𝑥

𝑛2

𝑓 𝑥 =
1

𝑛2
 𝑓  

𝑥

𝑛2
 +

𝑥

𝑛3
+

𝑥

𝑛

𝑓  
𝑥

𝑛2
 =

1

𝑛
𝑓  

𝑥

𝑛2
 +

𝑥

𝑛3

𝑓 𝑥 =
1

𝑛3
𝑓  

𝑥

𝑛3.
 +

𝑥

𝑛4
+

𝑥

𝑛3
+

1

𝑛
:

𝑓 𝑥 =
1

𝑛𝑘
𝑓  

𝑥

𝑛𝑘 .
 +

𝑥

𝑛2𝑘−1
+ ⋯ +

𝑥

𝑛

lim
𝑘→

 
𝑥

𝑛2𝑘−1
+ ⋯ +

𝑥

𝑛
 = lim

𝑘→

𝑥

𝑛

1 −
1

𝑛2

=
𝑛𝑥

𝑛2 − 1

𝑓 𝑥 =
𝑛𝑥

𝑥2 − 1
∶

 ∀ 𝑛 ≥ 2

1 +  
2 + 1

2
+  

3 + 1

3

3

+ ⋯ +  
𝑛 + 1

𝑛

𝑛

< 𝑛 + 1 ∶

𝑆𝑛 = 1 +  
2+1

2
+  

3+1

3

3
+ ⋯ +  

𝑛+1

𝑛

𝑛
∶ 𝑆𝑛 < 𝑛 + 1 ∶



 

 

 
𝑘 + 1

𝑘

𝑘

=  
𝑘 + 1

𝑘
∙

1 ∙ 1 ∙ ⋯ ∙ 1
𝑘 − 1  

𝑘

 <
1

𝑘
 
𝑘 + 1

𝑘
+ 𝑘 − 1 = 1 +

1

𝑘2

𝑆𝑛 < 1 +  1 +
1

22
 + ⋯ +  1 +

1

𝑛2
 = 𝑛 +

1

22
+

1

32
+ ⋯ +

1

𝑛2
<

< 𝑛 +
1

1 ∙ 2
+

1

2 ∙ 3
+ ⋯ +

1

 𝑛 − 1 𝑛
= 𝑛 +  

1

1
−

1

2
 +  

1

2
−

1

3
 + ⋯ +  

1

𝑛 − 1
−

1

𝑛
 =

= 𝑛 +  1 −
1

𝑛
 < 𝑛 + 1
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 𝐴𝐵𝐶 𝑃 𝐵𝐶, 𝐶𝐴  𝐴𝐵

𝑃𝐷, 𝑃𝐸    𝑃𝐹

𝐵𝐷 + 𝐶𝐸 + 𝐴𝐹

𝑃𝐷 + 𝑃𝐸 + 𝑃𝐹
=  3 ∶

𝐴𝐹 = 𝑥,   𝐵𝐷 = 𝑦,   𝐶𝐸 = 𝑧, 𝐵𝐹 = 𝑥1 , 𝐶𝐷 = 𝑦1 , 𝐴𝐸 = 𝑧1

𝑥2 + 𝑦2 + 𝑧2 = 𝐴𝑃2 − 𝑃𝐹2 + 𝐵𝑃2 − 𝑃𝐷2 + 𝐶𝑃2 − 𝑃𝐸2       1 

      𝑥1
2 + 𝑦1

2 + 𝑧1
2 = 𝐵𝑃2 − 𝑃𝐹2 + 𝐶𝑃2 − 𝑃𝐷2 + 𝐴𝑃2 − 𝑃𝐸2        2 

 ⟹     𝑥2 + 𝑦2 + 𝑧2 = 𝑥1
2 + 𝑦

1
2 + 𝑧1

2 ∶

𝑥2 + 𝑦2 + 𝑧2 =  𝑎 − 𝑥1 2 +  𝑎 − 𝑦1 2 +  𝑎 − 𝑧1 2 =

= 3𝑎2 − 2𝑎 𝑥1 + 𝑦1 + 𝑧1 + 𝑥1
2 + 𝑦1

2 + 𝑧1
2 ⟹  

𝑦 

𝑦1 𝑧1 

𝑧 

 𝑥1 𝑥 
A 

E 

C 

D 

B 

P 



 

 

𝑥1 + 𝑦1 + 𝑧1 =
3𝑎

2
= 𝑥 + 𝑦 + 𝑧

𝑃𝐹 + 𝑃𝐷 + 𝑃𝐸 =
𝑎 3

2

𝑥 + 𝑦 + 𝑧

𝑃𝐹 + 𝑃𝐷 + 𝑃𝐸
=  3 ∶

 𝑎 𝑏 ∈ 𝑁 𝑎 + 77𝑏  𝑎 + 79𝑏 

 𝑎 + 𝑏 

𝑎 + 77𝑏 = 𝑎 − 2𝑏 + 79𝑏 ⟹   𝑎 − 2𝑏 ⋮ 79 ⟺  39𝑎 − 78𝑏 ⋮ 79 ⟺  39𝑎 + 𝑏 ⋮ 79

 𝑎 + 79𝑏 ⋮ 77 ⟺  𝑎 + 2𝑏 ⋮ 77 ⟺  39𝑎 + 78𝑏 ⋮ 77 ⟺  39𝑎 + 𝑏 ⋮ 77

 77, 79 = 1 ⟹  39𝑎 + 𝑏 ⋮ 79 ∙ 77 ⟹ 39𝑎 + 𝑏 = 79 ∙ 77𝑘       𝑘 ∈ 𝑁

⟹ 39𝑎 + 39𝑏 = 79 ∙ 77𝑘 + 38𝑏 =  782 − 1 𝑘 + 38𝑏 =  782 − 39 𝑘 + 38 𝑘 + 𝑏 ⟹

⟹  𝑘 + 𝑏 ⋮ 39 ⟹ 𝑏 + 𝑘 ≥ 39 ⟹ 39𝑎 + 39𝑏 ≥  782 − 39 + 38 ∙ 39 ⟹

𝑎 + 𝑏 ≥ 156 − 1 + 38 = 193

 𝑏 = 38
𝑎 = 155

     . 𝑎 + 77𝑏 = 155 − 2 ∙ 38 + 79 ∙ 38 = 79 ∙ 39
𝑎 + 79𝑏 = 155 + 2 ∙ 38 + 77 ∙ 38 = 77 ∙ 41

 


